Abstract. In a recent paper of Bhowmick, Skalski and So ltan the notion of a quantum group of automorphisms of a finite quantum group was introduced and, for a given finite quantum group G, existence of the universal quantum group acting on G by automorphisms was proved. We show that this universal quantum group is in fact a classical group. The key ingredient of the proof is the use of multiplicative unitary operators, and we include a thorough discussion of this notion in the context of finite quantum groups.
Finite quantum groups and associated multiplicative unitaries
In the literature on non-commutative geometry and quantum groups the definition of a quantum group is still not established. Some authors prefer the point of view that a quantum group is nothing else than a Hopf algebra or an appropriate topological analog of a Hopf algebra. Others make a point of explicitly invoking the duality between spaces and commutative algebras and say that a quantum group is an object G of the category dual to that of a certain class of algebras (say C * -algebras) with additional properties. These properties are only expressible in therms of the object G viewed back in the category of algebras and written as e.g. C(G). Then the fact that G is a "quantum group" amounts to a Hopf algebra-like structure on C(G).
In this paper we will try to stay on middle ground between these approaches. A finite quantum group will simply be a finite-dimensional Hopf * -algebra (A , ∆) over C such that A admits a faithful positive functional. In this situation A is in fact a C * -algebra, so in particular it is semisimple. On the other hand the compact quantum group of automorphisms of (A , ∆) will be denoted by H and the notation will be that of e.g. [3, 5] ).
The Haar functional or the Haar measure of (A , ∆) is a normalized positive linear functional
Existence of h is a classical result in Hopf algebras ( [8, 14] ). The functional h is faithful ( [17] ) and consequently introduces a scalar product on A via
It is clear from formula (1.1) that we adopt the convention that scalar products are antilinear in the first variable and linear in the second. Let H denote the finite-dimensional Hilbert space obtained by considering A with scalar product (1.1). The algebra A acts on H by left multiplication and we denote by A the image of A in L (H ) in this representation. In what follows the algebras A and A will be identified and the symbols A and A will be used interchangeably depending on the context. Consider the linear map
It is well known that this map is invertible with inverse given by
where S is the antipode of (A , ∆). Let W be the same map only considered as a mapping H ⊗H . The difference is almost negligible, but it makes sense to keep the distinction. The invariance of h immediately implies that W ∈ L (H ⊗ H ) is unitary:
Given a, b ∈ H we define ω a,b to be the linear functional on L (H ) given by 
Noting that just like (1.2), the map a ⊗ b → (a ⊗ 1)∆(a) is surjective (Hopf * -algebras are regular, [16] ) we find that
Another important feature of W is that it is a multiplicative unitary, i.e. the pentagon equation holds: we have
The notation of (1.3) requires explanation: we define
This kind of notation is known as the leg numbering notation. In what follows we will use this notation with up to five tensor factors and not only for linear operators on tensor products, but also for elements of multiplie tensor products of algebras. Multiplicative unitaries were introduced in [2] and the theory was later developed in many papers (e.g. [1, 20, 12, 13] ).
The comultiplication ∆ is implemented by W in the following sense: given a ∈ A ∼ = A the operator on H ⊗ H of left multiplication by ∆(a) is
Thus transporting ∆ from A onto A we obtain a comultiplication on A which by (1.3) satisfies
Similarly, transporting the antipode S onto A we find that
Then A is a vector subspace of L (H ) and W ∈ A ⊗ A. In particular, as A ∼ = A , the space A is equal to (id ⊗ ω)W ω ∈ A * . Moreover
is an isomorphism of vector spaces. Indeed, it is clearly surjective and (id ⊗ ϕ)W = 0 implies
As A is a Hopf * -algebra, so is A * (this is the dual Hopf * -algebra of (A , ∆), [15] , cf. also [18, Section 4] ). It turns out that the linear map G is also an algebra isomorphism: take ϕ, ψ ∈ A . Then
Furthermore G is a * -map. Recall that the involution on A * is defined by ϕ * (a) = ϕ S(a) * . Thus, using (1.4) and the fact that for any
* (we used the fact that S is a * -map). The coproduct of A * is defined by ϕ → ϕ • µ, where µ : A ⊗ A → A is the multiplication map (we are using the canonical isomorphism (A ⊗ A ) * ∼ = A * ⊗ A * ). This map can also be transported to A using G : we define ∆ :
(1.5)
To compute the right hand side of (1.5) note that for any ψ 1 , ψ 2 ∈ A * we have
By linearity this means that for Φ ∈
where σ is the flip A ⊗ A → A ⊗ A. Thus, using (1.3) we find that
It follows that
for all x ∈ A (in particular the right hand side of (1.6) belongs to A⊗ A). By the pentagon equation (1.3) we have ( ∆ ⊗ id)W = W 13 W 23 .
Actions of compact quantum groups on finite-dimensional algebras
Let A be a finite-dimensional C * -algebra and let H be a compact quantum group. An action of H on A is a unital * -homomorphism α : A → A ⊗ C(H) such that
where ∆ H is to comultiplication on C(H) and
The theory of action of compact quantum groups on C * -algebras is by now very well established (see e.g. [9, 6] or [10, Section 6]). A very important part of the theory is concerned with the purely algebraic aspects of such an action. In [9] existence of a certain dense * -subalgebra of a C * -algebra carrying an action of a compact quantum group was shown. This subalgebra is sometimes referred to as the algebraic core or Podleś core of the action ( [11] ). In our case, with A finite-dimensional, the Podleś core of the action α is equal to A and consequently the image of α is contained in the (algebraic) tensor product of A with Pol(H), the unique dense Hopf * -subalgebra of C(H) ([21, Theorem 2.2], [4, Theorem 5.1]). In particular we can apply id ⊗ S H to α(a) for any a ∈ A .
Let ρ be a state on A . We say that ρ is invariant for the action α if
In the next section we will need the following result which by analogy with [7, Remark 1.8] may be called strong right invariance of an invariant state (cf. also [5, Formula (1.3)] ).
Lemma 2.1. Let α be an action of a compact quantum group H on a finite-dimensional C * -algebra A . Let h be a state on A invariant for α. Further let S H be the antipode of H. Then
Proof. It is a standard result that the maps
(between algebraic tensor products) are mutually inverse isomorphisms of vector spaces. Therefore for any b ∈ A we can find x 1 , . . . , x n ∈ A and y 1 , . . . , y n ∈ Pol(H) such that
Thus, by (2.1), invariance of h and (2.2)
Commutativity results
Theorem 3.1. Let C be a unital C * -algebra and let β : A → C ⊗ A and γ : A → A ⊗ C be unital * -homomorphisms such that (id ⊗ β)W = (γ ⊗ id)W. Then the algebra generated inside C by
Let us compute ( ∆ ⊗ id ⊗ ∆)V . On one hand
and on the other
(3.1) Take now ϕ 1 , ϕ 2 ∈ A * and µ, ν ∈ C * and let us apply (ϕ 1 ⊗ ϕ 2 ⊗ id ⊗ µ ⊗ ν) to both sides of (3.1). Denoting a = (ϕ 1 ⊗ id)W and b = (ϕ 2 ⊗ id)W we obtain from (3.1)
which proves the claim.
Let H be the quantum automorphism group of (A, ∆) defined in [5] . We have the distinguished (right) action α : A → A ⊗ C(H) of H on A. It is a fact that H is a compact quantum group of Kac type, i.e. its antipode S H is an involutive * -antiautomorphism of C(H). This follows from e.g. ⊥ , where the orthogonal complement is defined by the scalar product given by h. Another point to note is that C(H) is generated as a C * -algebra by
This is not explicitly stated in [5] , but this is clear in all cases of compact quantum group defined by similar universal properties to that of H. The C * -algebra generated by (3.2) carries all the structure making it the universal object C(H).
In what follows we will make use of the Fourier transform on the finite quantum group (A , ∆) defined as
The Fourier transform is an isomorphism of vector spaces with various additional properties. Note
The results of [5, Section 2] show that the map (
is a unital * -homomorphism (in fact it is an action by automorphisms of the quantum group dual to (A , ∆)). This yields a unital * -homomorphism γ
Finally, since S H is a * -antiautomorphism (as is the antipode S of (A, ∆)) we can define a unital 
3) Let us also note that (id ⊗ ̺)β(a) ̺ ∈ A * , a ∈ A generates C(H) (it is exactly (3.2)).
Proof. As G • F appears quite often in our considerations let us denote this composition by Γ . Take a ∈ A and let us compute
Similarly, using (3.3) we find that
Thus the proof will be complete when we show that
for all a ∈ A . Let us slice the first leg of both sides of (3.4) with a functional h(· b) (b ∈ A ). We obtain (h ⊗ id) (b ⊗ 1)α(a) = (h ⊗ id) ((id ⊗ S H )α(b))(a ⊗ 1) . (3.5)
Note that (3.5) for all a, b ∈ A is equivalent to (3.4) for all a ∈ A . Therefore our theorem follows from Lemma 2.1 and the fact that h is a trace ([19, Proposition A.
2.2]).
Corollary 3.3. Let G = (A , ∆) be a finite quantum group. Then the quantum group of automorphisms of G defined in [5] is the classical group of Hopf * -algebra automorphisms of A . In particular any compact quantum group acting faithfully on G is in fact a classical group.
Proof. As we noted just before stating Theorem 3.2, the slices of β generate the C * -algebra C(H), where H is the quantum group of automorphisms of G. By Theorem 3.1 this algebra is commutative. The last statement of the theorem follows from the universal property of the quantum group H and [5, Proposition 2.7].
